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Abstract 

Let p\,p2, ■ ■ ■ ,Pn be distinct primes. In 1970, Erdos, Herzog and 
Schonheim proved that if T> is a set of divisors of A = p® 1 ■ ■ ■ p® n , 
Oi\ > Oii > • • • > a n , no two members of the set being coprime and 
if no additional member may be included in T> without contradict- 
ing this requirement then \D\ > ot n YYl~l(ai + 1). They asked to 
determine all sets T> such that the equality holds. In this paper we 
solve this problem. We also pose several open problems for further 
research. 
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Introduction 



Many theorems on intersections of sets have been established. One of inter- 
section theorems is the next theorem of Erdos, Ko and Rado. 
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Theorem A [1, Erdos-Ko-Rado] . If A = {A 1 , A 2 , . . . , A m } is a 

family of (different) subsets of a given set M, \M\ = n, such that AiHAj ^ 
for every then 

a) m < 2 n ~ 1 and for every n there are m = 2 n ~ 1 such subsets; 

b) if m < 2 n ~ 1 then additional members may be included in A, the 
enlarged family still satisfying A^ PI A 3 ■ ^ for every i,j. 

Theorem A is equivalent to the following theorem. 

Theorem B. If A = {di, d 2 , ■ ■ ■ , d m } is a set of (different) divisors of 
a given positive integer N, N = p\p 2 ■ ■ -p n , where p±,p 2 , . . . ,p n are distinct 
primes, such that (di,dj) > 1 for every i,j, then 

a) m < 2 n ~ 1 and for every n there are m = 2 n ~~ 1 such divisors; 

b) if m < 2 n ~ 1 then additional members may be included in A, the 
enlarged set still satisfying (di,dj) > 1 for every i,j. 

This means that if A is a maximal set with the property (di,dj) > 1 
for every i,j, then |^4| = 2 n_1 . If we allow repetitions in M (resp. iV is 
not squarefree), it is more convenient to state results with the language of 
divisors (see [2], [3] and [1]). 

In this paper, pi,p 2 , . . . ,p n are always distinct primes. Erdos, Herzog 
and Schonheim [2j proved the following theorem. 

Theorem C [2], Erdos-Herzog-Schonheim] . IfV, \V\ = m, is a 
set of divisors of N = p" 1 ■ ■ -p" n , «i > ct 2 > ■ ■ ■ > a n , no two members 
of the set being coprime and if no additional member may be included in T> 
without contradicting this requirement then 

n— 1 

m>a n Y\_( a i + !)■ 
i=i 

If T> is the set of all positive divisors of iV which are divisible by p n , then 
T> satisfies the assumptions of Theorem C and has the minimum size, that 
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is. 

n-1 

(1) \V\ = a n Y[{a i + l). 

i=i 

In [21 Final remark] , Erdos, Herzog and Schonheim remarked that it would 
be of interest to determine all sets T> satisfying the assumptions of Theorem 
C with (1). 

In this paper we solve this problem. For convenience, we introduce the 
following definitions. 

Definition 1. A set T> of positive divisors of N is a N—set if no two 
elements of the set are coprime. A N—set T> is maximal if no additional 
divisor of N may be included. 

Definition 2. For a setT> of positive divisors of N = p^ 1 ■ ■ -p"" , an element 
d of V is a divisible minimal element if d cannot be divided by any other 
element of T> . Denote by d(T>) the set of all divisible minimal elements of 
V. 

It is clear that if D is a maximal iV— set and d G T>, then I e T> for all 
I | iV with d | I. Now the above Erdos-Herzog-Schonheim problem can be 
restated as 

Problem 1. Let N = p^ 1 ■ ■ -p^ n , where ct\ > ■ ■ ■ > a n > 0. Determine all 
maximal N—sets T> with the minimum size. 

First we find some maximal N— sets T> with the minimum size. Let 

ol\ > ■ ■ ■ > a u > a u+1 = ••• = «„. 

If cui = • • • = a n , let u — 0. For any v with 1 < v < n, let 

T>(p v ) — {d : d | N, p v \ d}. 

Then all T>(p v )(l < v < n) are maximal A^— sets. For u + 1 < v < n we 
have 

n n— 1 

\V(p v )\=a v j [ (oj + 1) = a n JJ(oti + 1). 

i=l,ij^v i=l 
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For v < u we have 

n n—1 

\V(p v )\ = a v \l (at + 1) > a n + 1). 

i=l,ij^v i=l 

Now we consider the special case a n — 1. Let P' be a maximal • • • p„— set. 
By Theorem B we have |P'| = 2 n ~ u ~ 1 . Let 

f iV 
P = \ dd' : d | , d' g V 

{ Pu+l-'-Pn 

Since P' is a • • -p n — set, we have D is a N-set. For / | iV and / ^ D, let 
/ = /i/^, where 

/ I N V I 

h\ , h | Pu+l ■ • -Pn- 

Pu+1 •••Pn 

By / ^ D we have /' x ^ X>'. Since P' is a maximal p u+ \ ■ ■ -p n — set, there 
exists d' G V such that (Zi,d') = 1. Thus (l,d!) = 1 and d! G P. Thus we 
have proved that P is a maximal iV— set. We have 

u u n—l 

|P| = |P| Y[(a t + 1) = 2 n - u ~ l l[(a t + 1) = a n + 1). 

i=i i=i i=i 

In this paper we show that these are all maximal iV— sets P with the 
minimum size. 

Theorem 1. Let N = p" 1 ■ ■ -p^ n with a x > a 2 >••■>«« > a u +i = ■ ■ ■ = 
a n > 2. Then the following statements are equivalent each other: 

(a) V is a maximal N—set with the minimum size. 

(b) V is a maximal N—set with d{V) = {p v } for some u + 1 < v < n. 

(c) P = {d : d | N, p v | d} for some u + 1 < v < n. 

Theorem 2. Let N = p" 1 ■ ■ -p% n with on > a 2 >•••>«„ > a u+ i = ■ ■ ■ = 
a n — 1 . Then the following statements are equivalent each other: 

(a) V is a maximal N—set with the minimum size. 

(b) V is a maximal N—set with d{V) C {d : d \ p u +\ • • -p n }- 
(c) 

N 

V = {dd' : d I , d' G P} 

Pu+l-'-Pn 

for a maximal p u+ \ ■ ■ -p n —set V . 



For a set T of positive divisors of N, let R(T, N) be the set of all positive 
divisors of iV which can be divided by at least one of elements of T. It is 
easy to see that R(T, N) is a iV— set if and only if T is a N— set. 

With these notations, we have the following theorems. 

Theorem 3. Let N = p" 1 ■ ■ -p® n with a x > a 2 > ■ ■ ■ > a u > a u+1 = ■ ■ ■ = 
ot n = 1, and let 71, ... ,7k be all sets of positive divisors of p u +i • • -p n such 
that for each i, 

(a) no any two elements of 71 are coprime; 

(b) no element of 71 can be divided by another element of 71; 

(c) any divisor of p u +\ • • - Pn is either coprime to some element of 71 or 
divisible by one element of 71. 

Then R(7i, N), . . . , R{7~k, N) are all maximal N—sets T> with the mini- 
mum size. 

Example. Let iV = 420 = 2 2 • 3 • 5 • 7. Then p u+l ■ ■ -p n = 3 • 5 • 7 and 

the sets satisfying (a), (b) and (c) are 

7! = {3}, T 2 = {5}, T 3 = {7}, T 4 = {3 • 5, 3 • 7, 5 • 7}. 

Thus there are exactly four maximal 420-sets R(Ti, N), R(T 2 , N), R{%, N), R(%, N) 
such that the equality in Theorem [3] holds. 

Theorem 4. Let N = Pi 1 ---p" n with ai > a 2 > • ■ ■ > a u > a u+ \ = 

■ ■ ■ — a n > 2. Then R({p u+ i}, N), . . . , R({p n }, N) are all maximal N—sets 
T> with the minimum size. 

Theorem H] follows from Theorem [1] immediately. We pose the following 
problem. 

Problem 2. Determine the number H(N) of maximal N—sets T> with the 
minimum size. 

Remark. If N — p^-'-p"" with cti > a 2 > ■ ■ ■ > a u > a u+ i = 

■ ■ ■ = a n > 1, then by Theorem H] we have H(N) = n — u. For the case 
iV = p" 1 ■ ■ -p" n with a i > a 2 > ■ ■ ■ > a u > a u+ \ = ■ ■ ■ = a n = 1, then 
H(N) is the number of sets with (a), (b) and (c) in Theorem [3j 
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2 Preliminary lemmas 



Let N = p" 1 ■ ■ -Pn n , where «i > • • • > a n > 0. Let N' = pi ■ ■ -p n . For 
d | N', define 

AT' 

a (d) = d = — . 

Let 

.A = {d : d | AT',d G V} 

and 

-4„, = {d : d G -4,Pn | d}, A' n = {d : d G -4,p„ f d}. 

In this section we always assume that D is a maximal iV— set. Then A is 
also a maximal iV'— set. 

Lemma 1. // {p u +i, ■ ■ ■ ,Pn} nP^U, then d(T>) = {p v } for some u + 1 < 
v < n. 

Proof. Since {p u +i, ■ ■ ■ ,Pn} HD / 0, there is an integer u + 1 < v < n such 
that p v G T>. By D being a AT- set we have p v \ d for all d G X>. Hence 
d(V) = {p v }. This completes the proof of Lemma [U □ 

Lemma 2. Let d \ N' . Then exactly one of d and d is in A. 

Proof. Since (d, d) = 1 and A is the N'— set, we know that at most one of 
d and d is in A. 

Suppose that d ^ A. By the maximality of A there exists d! G A such 
that (d, d') = 1. Hence d' | d. Again, by the maximality of A and d' \ d we 
have d G -4. This completes the proof of Lemma EJ □ 

Lemma 3. We have 

AnU {d : d G ^} = {/p„ : Z | pi ■ ■ -p n -i}- 

Proof. It is clear that A n U {d : d G .44} C : Z | p 1 ■ ■ ■£>„_!}. Now let 
I \ Pi - 4 - Pn-i- Suppose that lp n A n . Then lp n ^ A. By Lemma [2] we have 
lp n G A Thus lp n G ^44. So /p n = lp n G {d : d G -44}. This completes the 
proof of Lemma [3j □ 
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Lemma 4. Let V be a maximal N—set with the minimum size and A' n = 
{di, ok, • • • , d s }. Then there exists a permutation ix, i%, . . . , i s of 1, 2, . . . , s 
such that 

d i} | djp n , a(dj) = a{di 3 ), j = 1, 2, . . . , s. 

Proof. For d = pf 1 ■ ■ -pf fc fc with < (3j < atj.(l < j < k), by the maximality 
of V, we have d G T> if and only if p i± ■ ■ -p ik G A. So 

(2) \V\ = ^2a{d) = ^2 a{d) + ^2 a{d). 

deA deAn <leA'„ 

By Lemma [3] we have (a(l) = 1) 

n— 1 

(3) a n JJ(ai + l)= a (^») = + a (^- 

j=l /|p r --p n _i deAn d £A' n 

Since D is a maximal N— set with the minimum size, we have 

n-l 

(4) |P| = a n JJ( ai + l). 

By ©, © and g]) we have 

(5) £ a(d) = £ a(d). 

deA' n deA' n 

In order to prove Theorem C, Erdos, Herzog and Schonheim proved 
a combinatorial theorem ([21 Theorem 3]). We will employ its following 
equivalent form to prove Lemma HI 

Theorem D. Let M be a squarefree integer. Denote by d! = M/d 
for d | M. If F = {di, d 2 , ■ ■ ■ , d s } is a set of divisors of M such that 
di\d\M^dEF, then there exists a permutation ix, i 2 , . . . , i s ofl, 2, . . . , s 
such that d^' \ dj (1 < j < s). 

In order to employ Theorem D, let M = p\ ■ • -p n -\ and F = A' n . If 
di | d | M, then by the maximality of A we have d G A' n . Noting that 



by Theorem D there exists a permutation z 1; i 2 , . . . , i a of 1, 2, . . . , s such that 

di, 1 < j < s. 

That is, df. | djp n (l < j < s). Let djp n = d^ej (1 < j < s). Since 
d^. G ^4, by Lemma |2] we have d^ A. Thus diJp n A(l < j < s) by 
the maximality of A. So ej > 1 (1 < j < s), otherwise, dy/p n = dj G A, a 
contradiction. Thus, for 1 < j < s, we have 

a(dj)a(p n ) = a(djp n ) = a(d ii e j ) = a(dj j .)a;(e i ) > a^d^a^n). 

Hence 

(6) a(dj) > a{di 3 ), 1 < j < s. 

By ([5]) and ([6]) we have 

a(dj) = a(di 3 ), 1 < j < s. 
This completes the proof of Lemma HI □ 
Lemma 5. We have D = R(d(D),N). 

Proof. By the maximality of T> and d(D) C D we have R(d(D),N) C D. 
By the definition of d(£>) and R(d(D),N) we have £> C R(d(D),N). So 
= R(d(D), N). This completes the proof of Lemma [5j □ 

3 Proof of Theorems 

Proof of Theorem^ (a) =>- (b): By Lemma[T]we may assume that {p u +i, ■ ■ ■ ,P 
V = 0. Then p„ ^ A. By Lemma [2] we have p„ G A That is, G ^4„. Let 
^4(j = {di, d 2 , . . . , d s }. By Lemma H] there exists a permutation ii, i 2 , . . . , i s 
of 1, 2, . . . , s such that 

di. | d,-p„, a(dj) = a(dy). 
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Without loss of generality, we may assume that d il = p n . Then a(di) = 
OL{di x ) = a(p n ) = o n . Since a± > a 2 > ■ ■ • > a u > a u+ i = ■ ■ ■ = a n > 2, we 
have di G {p u +i, ■ ■ ■ ,Pn}, a contradiction with {p u +i, ■ ■ ■ ,p n } H V = 0. 

(b) =>• (c): It follows from Lemma [5l 

(c) =>• (a): It follows from the arguments before Theorem CD 

This completes the proof of Theorem [TJ □ 

Proof of Theorem® (a) =>- (b): By Lemma Q] we may assume that {p u +i, ■ ■ ■ ,P 
V = 0. Then p n A. By Lemma [2] we have p n G A. That is, p n G *44- Let 
.4^ = {g?i, d 2 , . . . , d s }. By Lemma 0] there exists a permutation zi, i 2 , . . . ,i s 
of 1,2, ...,s such that | a (4/) = a^df.). As in Lemma HJ let 

djPn = d^eji^l < j < s). Since a n = 1 and a(dj) = a(di.), we have 
a{ej) = 1 (1 < j ' < s). Hence, for 1 < v < u and 1 < j < s we have p„ f e,,- 
and 

p v | <^> p v | c^. <^> p„ \ c^. . 
Thus, for 1 < v < u we have 

|{j : P„ I dj}\ = \{j:p v \ d, tj }\ = \{j:p v \ dj}\. 
So, for 1 < v < u we have 

(7) \{3--Pv\d j }\ = \{j:p v \d j }\ = \\A! n \. 

Let g?(.D) = {hi, h 2 , . . . , /if}. Then /ij { hj for all i 7^ j. Without loss of 
generality, we may assume that p n \ hi (1 < i < r) andp n | hj (r+1 < j <t). 
Then each di G A' n can be divided by at least one of h\, h 2 , . . . , h r . Since 
D is a maximal N-set, we have d(T>) C A. So /ii, ^2, • • • , h r G *4^. Fixed 
1 < v < u. Without loss of generality, we may assume that hi, h 2 , ■ ■ ■ , h w 
are all hi with p v \ hi and p n \ hi . 

Let B = {d : p v \ d, d G A' n }. By © we have 

\{ Pv d:deB}\ = \B\= l -\A n \. 

Since i3 n {p v ti : d G i3} = and : G B} C we have A' n = 

B U {p v d : g? G B}. Let d & B. If w < i < r, then by p„ | /ij we have hi \ d. If 
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r < i < t, then by p n \ hi and d G A' n we have hi \ d. That is, d cannot be 
divided by any hi with i > w. So d can be divided by one of h x , h 2 , . . . , h w . 
Thus each d' G *44 can be divided by one of h\,h 2 , ... ,h w . Since w < r and 
foi, h 2 , . . . ,h r G .4.^ and /ij f foj for all i 7^ j, we have w — r. Thus, we have 
proved that for all 1 < v < u we have p v \ h% (1 < % < r). 

Now we have proved that for any given i with 1 < i < t, if p n \ hi, 
then p v \ hi for any 1 < v < u. Since a u+ \ = ■ ■ ■ — a n = 1, the primes 
. . . ,p n are in the same position. Hence, for any given i, j with 1 < i < t 
and m + 1 < j < n, if pj \ hi, then f hi for any 1 < v < tt. This means that 
for 1 < i < t, if p u+1 ■■ -p n \ hi, then {p x ■■■p u , hi) = 1, i.e., hi \ p u+1 ■■■p n - 
So, for each 1 < i < t, either p u+ \ • ■ • p n \ hi or hi \ p u+ i ■ ■ -p n . Since hi \ hj 
for all i 7^ j, we have either p u+ \ ■ • -p n \ hi for all 1 < i < t or hi \ p u +i • • -p n 
for all 1 < i < t. If Pu+i ■ ■ ■ p n I hi for all 1 < % < t, then p n \ hi for all 
1 < % < t. Thus p n I d for all d & A, &, contradiction with p n G A and 
p„ \p n . Hence hi \ p u+1 ■ • -p n for all 1 < i < t. That is, 



(b) =^ (c): Let V — V fl {d : d \ p u +\ - ■■'Pn}- Since V is a N-set, 
V is a • • -p n -set. For d \ p u +i • • -p n , if d ^ P', then d V. Since 
D is a maximal N-set, there exists / G P such that (c?, 1) = 1. By the 
definition of d(D), I can be divided by an element of d(D). So (<i, /') = 1. 
By <i(/}) C {d : d \ •■•£>«} we have /' G P'. Thus we have proved 
that V is a maximal p u +\ • • -Pn-set. By d(D) C. {d : d \ p u +\ • • - Pn} we 
have d(T>') = d(T>). By Lemma [5] we have T>' = R(d(V) , p u+ i ■ ■ ■ p n ) = 
R(d(V),p u+ i ■ ■ - pn). Again, by Lemma [5] and d(D) C {d : d \ p u +i • • • Pn} 
we have 



d{D) C{d:d\ p u+1 ■ ■ -p n }. 



R(d(V),N) = {dd' : d 



N 



,d' G R{d(V),p u+l ---p n )} 



V 



Pu+1 ■■■Pn 



{dd' : d 



N 



d! G V'}. 



Pu+1 ■■ 'Pn 



(c) =>- (a): It follows from the arguments before Theorem [U 
This completes the proof of Theorem [2j 



□ 
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Proof of Theorem Suppose that T> is a maximal N— set with the mini- 
mum size. By Theorem |2] we have 

d{V) C{d:d\ p u+1 ■ --Pn}. 

Since no any two elements of T> are coprime, we know that no any two 
elements of d(T>) are coprime. That is (a). By the definition of d(T>) we 
know that no element of d(T>) can be divided by another element of d(T>). 
That is (b). Let / | p u+ \ ■ ■ -p n . If I G V, then / can be divided by an element 
of d(T>). If I ^ T>, then, by the maximality of V, there exists d\ G T> 
with (di,l) = 1. Since di G T>, there exists d G d(T>) with d \ d%. Hence 
(d, I) = 1. That is (c). Hence d(T>) is one of 7i, . . . , Tk- By Lemma |5] we 
have V = R{d{V),N). Hence D is one of R(Ti, N), . . . , iJ(7X, N). 

Now we show that each R{%, N) is a maximal iV— set with the minimum 
size. 

Since no any two elements of 71 are coprime, we know that no any two 
elements of R(7~i, N) are coprime. That is, R(7~i, N) is a iV— set. In order to 
prove that R(%, N) is maximal, it is enough to prove that for any I > 1 with 
I | iV and I ^ R{7i, N) there exists d G R(7i, N) with (d, I) = 1. It is enough 
to prove that there exists d G H with (d,l) = 1. Let l\ = (l,p u+ \ ■ ■ -p n ). 
Noting that % is a set of positive divisors of p u +\ • • • Pn, it is enough to prove 
that there exists d G % with (d,li) = 1. Since / ^ R(Tl,N), we know that 
Z cannot be divided by any element of %■ So l\ cannot be divided by any 
element of %. By the definition of % (i. e. (c) of Theorem |3]), there exists 
d G % with (d,li) = 1. Thus we have proved that R(Ti,N) is a maximal 
iV— set. Noting that no element of % can be divided by another element of 

we have d(R(7~i, N)) = %. Since % C {d : d | • • -p n }, by Theorem 
[2] we have i?(7I, N) has the minimum size. This completes the proof of 
Theorem |3j □ 
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4 Final Remarks 



Finally we pose the following problems for further research. 

Problem 3. Fix t > 2 and N = 1 • • -p^ n , cti > a 2 > ■ • • > a n . Let 

V be a set of positive divisors d of N which have exactly t distinct prime 
factors (i.e. ou(d) = t) such that no two members of the set being coprime 
and no additional member may be included in V without contradicting this 
requirement. Determine m(N,t) = min \V\. 

Problem 4. Fix t > 2 and N = p" 1 ■ ■ -p^ n , on > a 2 > ■ ■ ■ > a n . Let V 

be a set of positive divisors d of N which have exactly t prime factors (i.e. 
Q(d) = t) such that no two members of the set being coprime and no addi- 
tional member may be included in V without contradicting this requirement. 
Determine M(N,t) = min \V\. 
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